We obtain the solution of a static spherically symmetric black hole surrounded by a cloud of strings in Rastall gravity and study the influence of the string parameter a on the event horizon and the Hawking temperature. Through the analysis of the black hole metric, we find that the static spherically symmetric black hole solution surrounded by a cloud of strings in Rastall gravity can be transformed into the static spherically symmetric black hole solution surrounded by quintessence in Einstein gravity when the parameter β in Rastall gravity is positive, which provides a possibility for the string fluid to be a candidate of dark energy. We use the high order WKB-Padé approximation to calculate the quasinormal mode frequencies of the odd parity gravitational perturbation for this kind of black holes. The results show that the increase of the string parameter a makes the gravitational wave decay more slowly in Rastall gravity. In addition, we use two methods, which are based on the adiabatic invariant integral and the periodic property of outgoing waves, respectively, to derive the area spectrum and entropy spectrum of the black hole model. The results are consistent with the spectroscopy of the Schwarzschild black hole given by Beckenstein, which indicates that the parameter β and the string parameter a lead to no effects on the area spectrum and entropy spectrum of the black hole model. *
Introduction
The gravitational waves from binary black hole mergers and neutron stars detected by LIGO and Virgo collaborations [1, 2] , as well as the first black hole photograph released recently, have fueled our interest in black holes. A black hole is a magic celestial body predicted by Einstein's general relativity and is a spacetime region where the light cannot escape. An important means to obtain the basic properties of black holes is to study the quasinormal modes in the spacetime of black holes. In the past few decades, the quasinormal modes of various classical or semiclassical black holes have been studied extensively and deeply under the framework of Einstein's theory of gravity. Up to now, the conservation law that the covariant derivative of the energy-momentum tensor in Einstein gravity is zero has only been tested [3] in the Minkowski spacetime or specifically in a weak gravitational field limit, so the covariant derivative may not be zero in a strong gravitational field. Therefore, it is especially necessary for the analysis of gravitational waves to study the quasinormal modes of black holes in the framework of other gravitational theories including the case that the covariant derivative of the energy-momentum tensor is not zero.
Rastall gravity is a gravitational theory obtained by modifying the vanishing of the covariant derivative of the energy-momentum tensor to be nonvanishing. In this gravitational theory, the covariant derivative of the energy-momentum tensor is directly proportional [4] to the derivative of the Ricci scalar, i.e. T µν ;µ ∝ R ,ν . In this respect, Rastall gravity can be seen [5] as a phenomenological implementation of some quantum effects in the curved spacetime background. In recent years, Rastall gravity has been applied to cosmology. It was found [6, 7] that Rastall gravity theory is consistent with various observational data in the cosmological context and it gives some new and interesting results at the cosmological level. For instance, the evolution of small dark matter fluctuations is the same as that in the ΛCDM model. But in Rastall's theory, the dark energy is clustered. This characteristic leads [8] to inhomogeneities in the evolution of dark matter in a nonlinear region, which is different from the standard CDM model.
According to string theory, the basic elements of the nature are not point particles but extended one-dimensional objects. Therefore, it is essential to understand what are the gravitational effects induced by a collection of strings. The first study of a cloud of strings as the source of the gravitational field gave [9] the exact integral expression of the general solution of the Schwarzschild black hole surrounded by a spherically symmetric string clouds under Einstein gravity, and the following work focused on [10, 11] the construction of black hole solutions. So it is natural to explore the gravitational effects of strings as basic objects in a gravitational theory that goes beyond Einstein gravity. For example, the 5-dimensional and n-dimensional black holes surrounded by a cloud of strings in Lovelock gravity have been analyzed [12, 13] .
The investigation of black hole entropy/area quantum has an important physical meaning because it can provide [14] a window to find an effective way to quantize gravity. Beckenstein was the first to suggest [15] that the area of black holes should be quantized. That is, if the black hole horizon area was dealt with as an adiabatic invariant, the area spectrum of black holes was proved to be equidistant and quantized in units ∆A = 8πh. There are a lot of papers about the area spectrum and entropy spectrum of black holes, see, for instance, refs. [14, 16, 17, 18, 19, 20, 21, 22] .
In this paper, our aim is to analyze the quasinormal modes of black holes surrounded by a cloud of strings in Rastall gravity. Therefore, we first work out the exact solution of a static spherically symmetric black hole surrounded by a cloud of strings in Rastall gravity. Then we make a simple analysis of the characteristics of the black hole model. According to the method of Regge and Wheeler [23] , we derive the quasinormal modes of the odd parity gravitational perturbation for this black hole model and calculate the corresponding quasinormal mode frequencies by using the high order WKB-Padé approximation [24, 25] . Then we focus on the influence of a cloud of strings on the real and imaginary parts of the quasinormal mode frequencies. In addition, we use the method of the adiabatic invariant integral [14] and that of the periodic property of outgoing waves [22] to derive the area spectrum and entropy spectrum of the black hole model, respectively, so as to give the influence of Rastall gravity and of a cloud of strings on the area spectrum and entropy spectrum of the black hole. The paper is organized as follows. In Sect. 2, we first find out the exact solution of a static spherically symmetric black hole surrounded by a cloud of strings in Rastall gravity. Then, we analyze in Sect. 3 the characteristics of the black hole model for different values of the two parameters related to the Rastall gravity and string, where the case of the Einstein theory is added as a contrast. In Sect. 4, we calculate the quasinormal mode frequencies of the odd parity gravitational perturbation for the black hole model. In Sect. 5, we use the method of the adiabatic invariant integral to compute the area spectrum and entropy spectrum of the black hole model, and then utilize the method of the periodic property of outgoing waves to calculate the same quantities and obtain the same results in Sec. 6. Finally, we make a simple summary in Sect. 7. Through out this paper, we use the units c = G = k B = 1 and the sign convention (+, −, −, −).
Schwarzschild black hole surrounded by a cloud of strings in Rastall gravity
According to Rastall gravity, the field equations take [4] the following forms,
where β ≡ κλ , λ is the Rastall parameter and κ is the Rastall gravitational coupling constant. From Eq. (1) and Eq. (2) one can get
where R is the Ricci scalar and T = T µ µ is the trace of the energy-momentum tensor. When λ = 0 and κ = 8πG, the Einstein general relativity and the conservation of the energy-momentum tensor can be recovered. It should be noted that β = 1 6 and β = 1 4 are not allowed [26] . In order to derive a Schwarzschild black hole solution surrounded by a cloud of strings in Rastall theory, we consider the following static spherical symmetric metric,
and obtain the non-vanishing components of the Rastall tensor defined by H µν ≡ G µν + β g µν R as follows:
where R = [(r 2 f ′′ (r) + 4r f ′ (r) + 2 f (r) − 2)]/r 2 , and f ′ (r) and f ′′ (r) stand for the first and second derivatives of f (r) with respect to r, respectively. The first solution of black holes with a cloud of strings in Einstein gravity was given by Letelier [9] in which the action of a string in the evolution of spacetime reads
where m is a dimensionless constant that is related to the tension of the string. And γ is the determinant of the induced metric,
where x µ = x µ (ξ a ) describes a two-dimensional string world sheet Σ, and ξ 0 and ξ 1 are timelike and spacelike parameters, respectively. The string bivector which is associated to the string world sheet is defined by
where ε ab is the two-dimensional Levi-Civita symbol with ε 01 = −ε 10 = 1. Now we consider a cloud of strings with world sheets. The energy-momentum tensor of a cloud of strings characterized by a proper density ρ reads
where γ = 1 2 Σ µν Σ µν . Because the string cloud is spherically symmetric, this restricts the density ρ and the string bivector Σ µν to be only a function of r. In this situation, the only non-vanishing components of the string bivector are Σ 01 and Σ 10 , which are linked by Σ 01 = −Σ 10 . Thus the only non-vanishing components of the energy-momentum tensor of a cloud of strings take the forms,
That is, the energy-momentum tensor of a cloud of strings with the spherical symmetry can be written as
After substituting Eq. (15) into Eq. (4), we can get the following equation,
from which we deduce the solution,
where b is an integration constant which is linked to the energy density of the cloud of strings.
Considering the line element given by Eq. (5), we rewrite the Rastall field equations as follows:
and obtain the general solution of the metric function,
where C 1 and C 2 are two constants to be determined. When β = b = 0, Eq. (20) should go back to the Schwarzschild vacuum solution in Einstein gravity. Moreover, Eq. (20) should not be divergent at β = 0. The two constraints require C 1 = 2M and C 2 = 0. Therefore, we reach the final form of the function,
where the string parameter a is defined as a ≡ κb. It is easy to check that this result turns [9] back to the case of Einstein gravity when β = 0.
Characteristics of the black hole model
According to Eq. (21), we can compute the radius of the event horizon from the equation f (r H ) = 0, which gives the relationship between the black hole mass and the radius,
dr | r=r H , we find that the surface gravity of the Schwarzschild black hole surrounded by a cloud of strings in Rastall gravity is
Then we can calculate the corresponding Hawking temperature through the surface gravity as follows,
In the following, we analyze the characteristics of the black hole model for different values of the two parameters β and a.
In Fig. 1 .1, we can see that when β > 0, f (r) in Rastall gravity is significantly lower than that in Einstein gravity at the same value of a. For example, when the string parameter a = 0.1, the red curve representing Rastall gravity is significantly lower than the black curve representing Einstein gravity in Fig. 1.1 . Moreover, as the value of a increases, f (r) in Rastall gravity keeps decreasing. When a is small, there are generally two horizons as shown by the red curve in Fig. 1.1 , where the first is the event horizon of the black hole, and the second is what we call the string horizon which is similar to the quintessence horizon of the spherically symmetric black hole surrounded by quintessence in ref. [27] . However, two horizons will shrink to one or even no horizons appear when a is large, see, for instance, the blue curve for the former case and the green curve for the latter in Fig. 1.1 . From Fig. 1 .2, we can see that when β < 0, f (r) in Rastall gravity is significantly higher than that in Einstein gravity at the same value of a. For example, when we compare the two curves in red and black (a = 0.1) and the two curves in green and purple (a = 0.9), we notice that the red curve representing Rastall gravity is significantly higher than the black curve representing Einstein gravity in Fig. 1 .2, and the same situation exists for the green and purple curves. Moreover, as the value of a increases, f (r) in Rastall gravity also keeps decreasing, which is same as the case of β > 0, see the red, blue and green curves of Fig. 1.2 . Nonetheless, the black hole still maintains one event horizon in Rastall gravity when a is large, see, for instance, the green curve in Fig. 1.2 , which is quite different from the case of β > 0.
In Fig. 2 .2, we can see that T BH in Rastall gravity keeps decreasing as the value of a increases, see the curves in red, blue and green. Moreover, when β > 0, at the same value of a, T BH in Rastall gravity is higher than that in Einstein gravity at a small r H and then lower than that in Einstein gravity at a large r H , see the three pairs of curves in red and black, in blue and orange, and in green , we can see that T BH in Rastall gravity also keeps decreasing as the value of a increases. Moreover, when β < 0, at the same value of a, T BH in Rastall gravity is lower than that in Einstein gravity at a small r H and then higher than that in Einstein gravity at a large r H , see the three pairs of curves in red and black, in blue and orange, and in green and purple, respectively, in Fig. 2.4 .
In addition, we find that when β > 0, T BH decreases monotonically with respect to the increase of r H , see Fig. 2 .1 and Fig. 2 .2, which means that the black hole temperature will increase continuously during the whole stage of evaporation, especially the Hawking temperature T BH will diverge when r H tends to zero. However, when β < 0 and the parameter a takes a suitable value, say, a = 0.5 which corresponds to the blue curves in Fig. 2.3 and Fig. 2 .4, T BH increases at first and then decreases, and finally tends to zero with respect to the increase of r H , which means that at the initial state of evaporation, the black hole temperature increases with respect to the decrease of r H , and after the black hole temperature increases to a finite maximum, it quickly drops to zero at r H = r 0 (the event horizon radius of the extreme black hole), leaving a frozen black hole. The former case (β > 0) is similar to the situation of a classical Schwarzschild black hole in Einstein gravity, while the latter (β < 0) is similar to the situation of a noncommutative Schwarzschild black hole [28] in Einstein gravity.
At the end of this section, we try to establish the relationship between the static spherically symmetric black hole solution surrounded by a cloud of strings in Rastall gravity and the static spherically symmetric black hole solution surrounded by quintessence in Einstein gravity. Our result is that the two 50 100 150
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β=0 , a=0.9 solutions exchange to each other when their parameters are connected to each other in a specific formula. Therefore, this result would provide a possibility for the string fluid to be a candidate of dark energy if the parameter β in Rastall gravity is positive. For a static spherically symmetric exact solution of Einstein's equations describing the black holes surrounded by the quintessential matter under the condition of additivity and linearity in energy momentum tensor, the metric takes [29] the following form,
where M is the black hole mass, ω q is the quintessential state parameter, andc is an integration constant which is linked to the energy density of the quintessence. We compare Eq. (21) with Eq. (25) and find that the static spherically symmetric black hole solution surrounded by a cloud of strings in Rastall gravity can be transformed into the static spherically symmetric black hole solution surrounded by quintessence in Einstein gravity. The specific transformation relationship is as follows:
Graph of the parameter β with respect to the quintessential state parameter ω q . Now we draw the graphs of β and ã c as a function of ω q . Note that the range of parameter ω q related to the quintessence field is constrained [29] from −1 to − 1 3 . In Fig. 3.1 and Fig. 3.2 , we draw the graphs of the parameter β and the parameter ã c with respect to the quintessential state parameter ω q , respectively. From Fig. 3.1 , we can see that β decreases monotonically with the increase of ω q . From Fig. 3.2 , we can see that ã c increases at first and then decreases with the increase of ω q , where it reaches the maximum ã c = 1.125 when ω q = −0.5.
Quasinormal mode frequency of gravitational perturbation
The gravitational perturbation of black holes was first studied by Regge and Wheeler [23] for the odd parity type of the spherical harmonics, and then extended to the even parity type by Zerilli [30] . In the gravitational perturbation, g µν is usually used to represent the background metric and h µν the perturbation. As h µν is very small when it compares to g µν , the canonical form for the odd parity perturbation is
where l is the angular quantum number, ω is the complex quasinormal mode frequency, and P l (cosθ ) is the Legendre function. h 0 (r) and h 1 (r) are two independent components of h µν , and we now derive the desired Schrödinger-like equation, i.e. the master equation. One can compute R µν from g µν and similarly calculate R µν + δ R µν from g µν + h µν , and thus deduce [31] δ R µν as follows: where
By substituting Eq. (28) into Eq. (29), we obtain two independent perturbation field equations for h 0 (r) and h 1 (r),
where the former corresponds to δ R 23 = 0 and the latter to δ R 13 = 0, respectively, and f (r) has been given in Eq. (21) . Eliminating h 0 (r) by h 1 (r) in the above two equations, and then defining Ψ(r) = f (r)h 1 (r) r and dr * dr = 1 f (r) , we finally reach the master equation,
where the effective potential V (r) reads
In order to let the effective potential satisfy V → 0 at r → ∞, the condition β < 1 6 is needed, see also ref. [26] . In addition, we can easily see that both f (r) and V (r) are divergent when β = −0.5. Therefore, we set the range of β in this paper be −0.5 < β < 1 6 , which conforms to the entropy positivity condition [32] . As to the range of a, it depends on the positivity or negativity of β . When β > 0, at first, a large string parameter a will result in the black hole having no event horizons; secondly, the larger a is, the less reliable the quasinormal mode frequencies calculated by the high order WKB-Padé approximation [24, 25] are; thirdly, the static spherically symmetric black hole solution surrounded by a cloud of strings in Rastall gravity can be transformed into the static spherically symmetric black hole solution surrounded by quintessence in Einstein gravity. Considering the three aspects of restriction, we take four typical values, a = 0, 0.0001125, 0.001125, 0.01125. By using the relation Eq. (27) at the extreme point in Fig. 3.2, i.e. a = 1.125c, we havec = 0, 0.0001, 0.001, 0.01 which are just the values set in refs. [33, 34, 35, 36] . When β < 0, the range of a is 0 a < 1. In the following, we use the high order WKB-Padé approximation to calculate the quasinormal mode frequencies of the odd parity gravitational perturbation for this black hole model when β > 0 and β < 0, respectively. As for the high order WKB-Padé approximation, it was first proposed [24] by Matyjasek and Opala and then developed by Konoplya et al. [25] through a special averaging treatment. In this treatment, a quantity ∆ k = |ω k+1 −ω k−1 | 2 is defined for the error estimation and it is positively correlated with the relative error E k = ω k −ω ω × 100% of the quasinormal mode frequencies, where k stands for the order number, ω k the k-th order quasinormal mode frequency calculated by the WKB approximation or the WKB-Padé approximation, and ω the accurate value of the quasinormal mode frequency. In our calculations, we at first give the quasinormal mode frequencies from the 1st to 13th orders, and then work out the error estimations of the 13 order's frequencies, and finally pick out such an order's frequency that has the smallest relative error. The results are shown in Table 1 , Table 2 and Table 3 . Here we have two notes: (1) For β < 0, the barrier height of the effective potential will disappear if the string parameter a goes to one, so that we make the restriction, a 0.92; (2) The order number with the smallest relative error is not less than 3.
In Fig. 4.1 and Fig. 4.2 , we draw the graphs of real parts and imaginary parts of quasinormal mode frequencies with respect to the parameter β for different values of a when β > 0. From the two figures, we can see that both the real part and the absolute value of the imaginary part decrease with the increase of β . And at the same value of β , both the real part and the absolute value of the imaginary part decrease with the increase of a when a > 0. In addition, the intersections on the vertical axis in Fig. 4.1 and Fig.  4 .2 represent the real parts and imaginary parts of quasinormal mode frequencies in Einstein gravity, respectively. By comparison, we can find that for the same string parameter a, the real part and the absolute value of the imaginary part of quasinormal mode frequencies in Rastall gravity is greater or smaller than that in Einstein gravity, which depends on the value of the parameter β . For example, in Fig. 4.2 , for the green curve with the string parameter a = 0.01125, we can easily see that when β = 0.05, the absolute value of the imaginary part of quasinormal mode frequencies in Rastall gravity is greater than that of Einstein gravity (β = 0), while when β = 0.14, the absolute value of the imaginary part of quasinormal mode frequencies in Rastall gravity is smaller than that of Einstein gravity. It should be noted that from β = 0 to β = 0, both the real part and the absolute value of the imaginary part have a jump, which is caused by the change of the black hole spacetime from the Einstein's to Rastall's gravity.
In Fig. 4.3 and Fig. 4.4 , we draw the graphs of real parts and imaginary parts of quasinormal mode frequencies with respect to the parameter a for different values of β when β < 0, where the black curves represent the real part and the absolute value of the imaginary part in Einstein gravity. From the two figures, we can see that, on the one hand, both the real part and the absolute value of the imaginary part decrease with the increase of a; and on the other hand, when β is small, e.g. β = −0.48 (the grey curve), both the real part and the absolute value of the imaginary part decrease fast at a small a, e.g. a < 0.4, and then decrease very slowly at a large a, e.g. a > 0.85, which makes the real part and the absolute value of the imaginary part in Rastall gravity larger than that in Einstein gravity. We also find that for the same value of a, both the real part and the absolute value of the imaginary part increase at first and then decrease with the decrease of β . In addition, we notice that for the same string parameter a, the real part and the absolute value of the imaginary part of quasinormal mode frequencies in Rastall gravity are greater or smaller than that in Einstein gravity, depending on the value of the parameter β . For example, in Fig. 4.4 , when the string parameter a = 0.4, we can easily see that the absolute value of the imaginary part of quasinormal mode frequencies in Rastall gravity (the red curve corresponding to β = −0.05) is larger than that of Einstein gravity (the black curve corresponding to β = 0), while the absolute value of the imaginary part of quasinormal mode frequencies in Rastall gravity (the orange curve corresponding to β = −0.45) is smaller than that of Einstein gravity (the black curve corresponding to β = 0). Therefore, we have the following conclusions:
1. The increase of the string parameter a in Rastall gravity makes the gravitational wave decay more slowly. 
Area and entropy spectra via adiabatic invariance
In this section, based on the method of adiabatic invariance of black holes [37] for deriving the quantized entropy spectrum and its later improvement [14] , we study the area spectrum and entropy spectrum of a Schwarzschild black hole surrounded by a cloud of strings in Rastall gravity. By applying the Wick rotation in Lorentzian time and transforming t to −iτ, we write the Euclideanized form of the metric,
where f (r) is shown in Eq. (21) and τ means the Euclidean time. For a neutral and static spherically symmetric black hole spacetime, the only dynamic freedom of adiabatic invariants is the radial coordinate r, so the adiabatic invariant can be expressed [38] as
where p r is the conjugate momentum of the coordinate q r . It is known that the equation of motion of a massless particle is a radial null geodesicṙ = dr dτ [39] and the equation of motion of a massive particle is the phase velocityṙ = v p [40] . However, if one only considers the outgoing path, one does not care [41] whether the particle has mass or not. According to Hamilton's canonical equation, we haveṙ
where H ′ = M ′ and M ′ = M − ω ′ is the mass of the black hole from which a particle with energy E ′ = ω ′ tunnels through its horizon. By substituting Eq. (37) into Eq. (36), we obtain the following formula,
After substituting Eq. (24) and Eq. (41) into Eq. (40), we finally recast this adiabatic invariant as follows:
where A is the area of the event horizon of the black hole. In addition, we know from the Bohr-Sommerfeld quantization rule its quantized form, L = 2πnh, n = 0, 1, 2, 3..., so we have the formulations of area and entropy of the black hole,
As a result, we reach the area spectrum and the entropy spectrum of the Schwarzschild black hole surrounded by a cloud of strings in Rastall gravity,
6 Area and entropy spectra via gravitational wave periodicity
In this section, we investigate the area spectrum and entropy spectrum of a Schwarzschild black hole surrounded by a cloud of strings in Rastall gravity by utilizing the method of the periodic property of the outgoing gravitational wave [22] . We have two ways to calculate wave functions. The first is to substitute the assumed form [43] of wave functions, Φ = 1 
and the other is to resort the Hamilton-Jacobi equation,
where the wave function Φ and the action S satisfy the following relationship:
Because the spacetime of the black hole we consider is spherically symmetric, the action S can be decomposed [44, 45] as
where E = − ∂ S ∂t represents the energy of the emitted particles observed at infinity. Considering J(θ , φ ) = 0, W (r) = iπE/ f ′ (r H ) and only the outgoing wave near the outside horizon, one can express the wave function Φ there as follows,
where Ψ(r H ) = exp −πĒ h f ′ (r H ) and f ′ (r H ) = d f (r) dr | r=r H . From the above function, we find that Φ is a periodic wave function with the period,
Considering the relation E =hω, we obtain
In addition, we know that T =¯h T BH from Eq. (39), so we derive the following formula,
According to Hod's idea [16] , the change in the area of the event horizon of the Schwarzschild black hole surrounded by a cloud of strings in Rastall 
Conclusion
We first give the static spherically symmetric black hole solution surrounded by a cloud of strings in Rastall gravity, and then analyze this black hole model. We plot the graphs of the function f (r) with respect to r and the graphs of the Hawking temperature T BH with respect to the event horizon radius r H for different values of a when β > 0 and β < 0, respectively. We find that the increase of the string parameter a causes the function f (r) and the Hawking temperature T BH to decrease in Rastall gravity. Through the analysis of the black hole metric, we deduce that the static spherically symmetric black hole solution surrounded by a cloud of strings in Rastall gravity can be transformed into the static spherically symmetric black hole solution surrounded by quintessence in Einstein gravity when β > 0, which provides a possibility for a string fluid as a candidate of the dark energy. However, when β < 0, the spacetime of this black hole model is a kind of asymptotically flat spacetime. We use the high order WKB-Padé approximation to calculate the quasinormal mode frequencies of the odd parity gravitational perturbation for this model. Then we plot the graphs of real parts and negative imaginary parts of quasinormal mode frequencies with respect to the parameter β for different values of a when β > 0, and we also plot the graphs of real parts and negative imaginary parts of quasinormal mode frequencies with respect to the parameter a for different values of β when β < 0. We conclude that the increase of the string parameter a in Rastall gravity causes the decay of the gravitational wave to slow down. In addition, we use the method of the adiabatic invariant integral and the method of the periodic property of outgoing waves to derive the area spectrum and entropy spectrum of the black hole model, respectively. The results are consistent with the spectroscopy of the Schwarzschild black hole given by Beckenstein, which shows that the parameter β and the string parameter a do not affect the area spectrum and entropy spectrum of the black hole. This result is similar to that of ref. [38] , in which the area spectrum and entropy spectrum of the quantum-corrected Schwarzschild black hole surrounded by quintessence in Einstein gravity are not affected by the quantum correction parameter and the quintessence parameter.
